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We establish several addition theorems on finite abelian groups by employing a
group ring as a useful tool. Among several results the following is proved. Let p be
a prime, and let G=Zpe1  } } } Zpe n with 1e1 } } } en . Put w=(1( pen&1)) _
ni=1 ( p
e i&1). Then, for any t( pen&1) log w+ pen&2 linear bases B1 , ..., Bt of G
their union (with repetitions) ti=1 Bi forms an additive basis of G.  1997 Academic
Press
1. INTRODUCTION
Let G be a finite abelian group (written multiplicatively). For a sequence
S=(a1 , ..., ak) of elements in G, by (S) we denote the set that consists of
all elements of G which can be expressed as a product over a nonempty
subsequence, i.e.,
: (S)=[ai1 } } } ail | 1i1< } } } <ilk].
An additive basis of G is a sequence S of elements in G such that
 (S)=G.
Throughout this paper we always let p denote a prime and Zk the cyclic
group of order k. Let G=Zpe 1  } } } Zpe n with 1e1 } } } en . A linear
basis of G is a n-subset x1 , ..., xn of G such that G=(x1)  } } } (xn).
Let f (G) denote the minimal integer t, such that for any t linear bases
B1 , ..., Bt of G, the union (with repetitions)  ti=1Bi forms an additive basis
of G.
The authors of [10] conjectured that f (Znp) is bounded above by a
function of p alone. In [4] it is shown that f (Z pn )( p&1) log n+ p&2.
In Section 2 we shall prove the following generalization of this result.
Theorem 1.1. Let G=Zpe 1  } } } Zp e n with 1e1 } } } en , and let
w=(1( pe n&1)) ni=1 ( p
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In Section 2 we also show the following generalization of a result of
([4], Proposition 4.1).
Theorem 1.2. Let G=Zpe 1  } } } Zp e n , and S a sequence of elements
in G. Suppose that each subsequence of |S|&ni=1 ( p
e i&1) terms of S
generates G. Then, S is an additive basis of G.
In Section 3 we shall prove the following analogue of Theorem 1.2 for
arbitrary finite abelian groups.
Theorem 1.3. Let G be a finite abelian group of order n and of exponent
m, and let S be a sequence of elements in G. Suppose that each subsequence
of t|S|&m(1+log nlog m)+1 terms of S generates G. Then, S is an
additive basis of G.
Let G be a finite abelian group. We define r(G) to be the minimal integer
r with the property that, if S is a sequence of r elements of G, and if for
every subgroup H of G, H contains at most |H|&1 terms of S, then
 (S)=G.
In Section 4 we shall give simple proofs of the two following results due
to [14] and [2], respectively.
Theorem A ([14], Theorem 1]). For any k3 we have, r(Zkp)=
pk&1+ p&2.
Theorem B ([2], Proposition 3.1). For any sequence a1 , ..., a6n&5 of
6n&5 elements in Z2n there is a subset I/[1, ..., 6n&5] of cardinality
|I |=n so that i # I ai=0.
The final Section 5 contains some concluding remarks and open
problems.
2. PROOFS OF THEOREM 1.1 AND THEOREM 1.2
In this section we give proofs of Theorem 1.1 and Theorem 1.2 and to
do this we need some preliminaries on group algebras.
Let G=Zp e 1  } } } Zp e n . Consider the group algebra Fp[G], for any
x # G and any k1 we have, (1&x) p k=1&x pk and (1&x) pk&1=1+x+
x2+ } } } +x p k&1. If G=(x1)  } } } (xn) and if (xj)=Zpej for
j=1, ..., n, then xi11 } } } x
in
n , 0ijp
e j&1, j=1, ..., n forms a (linear) basis of
Fp[G] (as a vector space over Fp), and (1&x1) i1 } } } (1&xn) i n, 0ij
pe j&1, j=1, ..., n also forms a (linear) basis of Fp[G]. By U we denote the
unit group of Fp[G], and by N we denote the nilpotent radical of Fp[G].
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For any : # Fp[G], by H: we denote the set that consists of all elements
g in G such that :(1& g)=0. For any sequence S=(a1 , ..., at) of elements
in G, by > (S) we denote the product >ti=1(1&ai) in Fp[G].
Lemma 2.1. Let G=Zpe 1  } } } Zpe n and let xi # G, i=1, ..., n be a
linear basis of G. For any : # Fp[G], one can expressed : in the two
following forms :=g # G agg=i 1, ..., i n b(i1 , ..., in)(1&x1)
i 1 } } } (1&xn)i n
with ag # Fp , and b(i1 , ..., in) # Fp . Put u=ni=1 ( p
e i&1). Then, we have
(i) :  U if and only if b(0, ..., 0)=0.
(ii) :  U if and only if g # G ag=0.
(iii) Fp[G]&U=N.
(iv) N1+u=0.
(v) For any sequence S=(a1 , ..., ak) of elements in G with k1+
ni=1 ( p
e i&1), the product >(S)=>ki=1(1&ai)=0 [12].
(vi) If H:=G, then :=c g # G g with c # Fp .
(vii) For any sequence S of u elements in G, > (S)=c g # G g, where
c # Fp . Hence if > (S){0 then every non-1 element of G can be expressed
as a product of a subsequence.
(viii) For any sequence of elements in G with |S|1+ni=1 ( p
e i&1),
we have, 1 can be expressed as a product over a nonempty subsequence of S
[12].
Proof.
(i) Put b=b(0, ..., 0) and write :=b+;, then
;= :
(i1, ..., i n){(0, ..., 0)
b(i1 , ..., in)(1&x1) i1 } } } (1&xn) i n,
since (1&xi) p
e i=0, we clearly have, ;1+u=0, thus, :  U if and only if
b=0. This proves (i).
(ii) For any g # G, write g=xr 11 } } } x
rn
n , then we have, 1& g=
1&>ni=1( 1&(1&xi))
r i, from this we see that g=1+(i 1, ..., i n){(0, ..., 0)
c(i1 , ..., in)(1&x1)i 1 } } } (1&xn) i n with all c(i1 , ..., in) # Fp , so we have
:=g # G ag+(i1, ..., in){(0, ..., 0) d(i1 , ..., in)(1&x1)
i 1 } } } (1&xn) i n with all
d(i1 , ..., in) # Fp , now (ii) follows from (i).
(iii) and (iv) follow from (i).
(v) follows from (ii), (iii), and (iv).
(vi) For any h # G, :(1&h)=0 implies ag=agh . As h ranges over G,
it follows that all ag are equal. This proves (vi).
(vii) follows from (iv) and (vi).
(viii) follows from (iv). This completes the proof.
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We shall prove the following result of which Theorem 1.1 is an easy
consequence.
Proposition 2.1. Let G=Zp e 1  } } } Zpe n with 1e1 } } } en , and






Then, the union (with repetitions)  li=1=Bi forms an additive basis of G.
Proof. Put B= li=1 Bi (with repetitions); without loss of generality,
we may assume that B=(x1 , ..., xln) such that Bi=[x(i&1)n+1 , ..., xin] for
i=1, ..., l and such that (xj)=Zpej for j=1, ..., n. Consider all products A
of the form
A=(1&xi1)
r1 } } } (1&xi m)
rm
with 1i1< } } } <imln and all rj1. We define c(A)=rj>1 rj ; we
assert that for every k=1, ..., l& p f+3 there exists a product Ak=
(1&xi1)
r 1 } } } (1&xit k)
r t k with 1i1< } } } <it kkn, all rj1 and
t kj=1 rj=u, such that
Ak {0, c(Ak)\1& 1p f&1+
k&1
u.
We proceed by induction on k. For k=1, since x1 , ..., xn is a linear basis
of G and (xi)=Zp e i , we have, A1=>ni=1 (1&xi)
pe i&1{0 and c(A1)=u.
This proves the assertion for k=1.
Taking 2kl& p f+3 we assume the assertion is true for k&1.
Assume Ak&1=>t k & 1j=1 (1&xi j)
r j with 1i1< } } } <itk & 1(k&1) n. Put
yi=x(k&1) n+i for i=1, ..., n. Since x (k&1) n+1 , ..., xkn is a linear basis of G
we have, xij is a linear combination of y1 , ..., yn for every j=1, ..., tk&1. Put









































(1& yh) :j, h+
r j&1
(:j, h # Fp[G])
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Now it follows from Ak&1 {0 that there is a product of the form
(>tj=1 (1&xij))(1& yu 1)
f 1 } } } (1& yu q)
f q{0 with f1+ } } } + fq=r1+ } } } +
rt&t. Put Ak=(>tj=1 (1&xi j))(1& yu1)
f1 } } } (1& yu q)
fq ; since Ak&1 {0,




=\1& 1p f&1+ c(Ak&1)
\1& 1p f&1+
k&1
u (by induction hypothesis).
This proves the assertion. Taking k=l& p f+3 we get c(Al& p f+3)
(1&1( p f&1)) l& p f+2u p f&2. Write Al& p f+3=>uj=1 (1&xij); then one
can delete at most p f&3 terms from i1 , ..., iu so that the others are distinct.
Without loss of generality we may assume that ip f&2 , ..., iu are distinct.
For each j, 1 j p f&3, let us replace xij by a linear combination
of x(l& j)n+1 , ..., x(l& j+1)n in the expression >uj=1 (1&xij) of Al& p f+3.
Similarly, one can get a product C=>ui=1 (1&xki){0 with 1k1< } } } <
kuln. Now it follows from Lemma 2.1(vii) that every non-1 element in G
is in  (B) and B forms an additive basis follows from Lemma 2.1(viii).
This completes the proof.
Proof of Theorem 1.1. Clearly, the theorem follows from Proposition 2.1.
Remark 2.1. The proof of Proposition 2.1 mentioned above is based on
the idea contained in [4]. The product > (S) for a sequence S was first
introduced by Olson [12] and was studied for detail by van Emde Boas
[5] and Peng [13, 14].
Proof of Theorem 1.2. Clearly, |S|1+ni=1 ( p
e i&1); thus, 1 #  (S)
follows from Lemma 2.1(viii).
Let T be a subsequence of maximal length of S such that > (T ){0. We
assert that
‘ (T )=c \ :g # G g+ with 0{c # Fp .
If |T |=ni=1 ( p
e i&1), then the assertion follows from Lemma 2.1(vii).
Otherwise, by Lemma 2.1(iv) we must have |T |(ni=1 ( p
e i&1))&1 and,
therefore, |S&T |1+|S|&ni=1 ( p
e i&1). It follows from the hypothesis
of the theorem that S&T generates G. By the maximality of T we have
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that every member of S&T is in H>(T) ; hence, H> (T )=G. Now the assertion
follows from Lemma 2.1(vi). This proves the assertion and the theorem
follows from Lemma 2.1(vii).
Remark 2.2. The proof of Theorem 1.2 above implies the condition
‘‘each subsequence of |S|&u } } } ’’ can be weakened to ‘‘each subsequence of
|S|&u+1 } } } ’’ when G is not cyclic.
3. PROOF OF THEOREM 1.3
In this section we shall prove Theorem 1.3 and to do this we need some
preliminaries.
Let G be a finite abelian group of order n and of exponent m. Choose
a prime q so that q#1 (mod m).
Consider the group ring Fq[G]. Any character / : G  F q* in the character
group G , may be extended to a ring homomorphism / : Fq[G]  Fq by
letting /(g # G kg g)=g # G kg /(g). From the orthogonality relations for
group characters, one can show that if x # Fq[G]. Then x=0 if and only
if /(x)=0 for all / # G .
For any x # Fq[G], by Lx we denote the set of elements g # G such that
x(a& g)=0 holds for some a # F q*.
Lemma 3.1. (i) For any x # Fq[G], Lx is a subgroup of G.
(ii) If Lx=G and x{0, then x=g # G ag g with 0{ag # Fq holds for
all g # G.
Proof. (i) If x(a1& g1)=x(a&12 & g
&1
2 )=0, then x(a2& g2)=
xa2g2(g&12 &a
&1
2 )=0, and x(a1a2& g1g2)=x(a1a2&a2g1+a2g1& g1g2)=
xa2(a1& g1)+xg1(a2& g2)=0. Hence, Lx is a subgroup of G.
(ii) Let x=g # G ag g. Since x{0, we have ah {0 for some h # G.
For any g # G, since g&1h # Lx , we have x(a& g&1h)=0 holds for some
a # F q*, so ag=aah {0. This completes the proof.
Lemma 3.2. Let S=(g1 , ..., gl) be a sequence of elements in G with
lm(1+log nlog m). Suppose S contains at least one non-1 term. Then, one
can find a subsequence T=(h1 , ..., ht) of S with tm(1+log nlog m)&1
and a1 , ..., at # F q* such that
x =def (a1&h1) } } } (at&ht){0
and such that
all terms of S&T are in Lx .
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Proof. Assume to the contrary, that, for every subsequence T=
(gi 1 , ..., git) with tm(1+log nlog m)&1, and a1 , ..., at # F q* we have,
x =def >tj=1 (aj&aij){0 implies
there is at least one term of S&T that is not in Lx . (1)
We first note that for every g # G, /(g) is an m th root of 1 in F q*; and
so we can take only m different values. Thus if A is any subset of G , then
there is some a # F q* with /(g)=a holding for at least |A|m characters
/ # A. That is, /(g){a for at most |A|(1&1m) characters / # A. Put
k=[m log nlog m]+1. Choose h1 be a non-1 term of S and choose a1 # F q*
so that /(h1){a1 holds for at most |G | (1&1m)=n(1&1m) characters
/ # G . Put x1=(a1&h1); obviously, x1 {0, so by (1) we have that there is
one term h2 of S&(h1) that is not in Lx1 . Choose a2 # F q* so that
/(hi){ai , i=1, 2 holds for at most n(1&1m)2 characters / # G and put
x2=x1(a2&h2)=(a1&h1)(a2&h2). Then x2 {0 follows from x2  Lx 1 .
Continue the same process above; we must get k terms h1 , ..., hk of S and
a1 , ..., ak # F q* such that
(1) for every 2ik, hi is a term of S&(h1)& } } } &(hi&1),
(2) xk=(a1&h1) } } } (ak&hk){0, and
(3) the residual set of characters / # G with /(hi){ai , for each
i=1, 2, ..., k, ak # F q* , has cardinality at most
n(1&1m)k<ne&km<m
Call the remaining characters /1 , /2 , ..., /r , where 0rm&1. By
repeated application of (1), one can find an r-term subsequence
hk+1 , ..., hk+r of S&(h1)& } } } &(hk) and ak+1 , ..., ak+r # F q* such that
(4) ak+i=/i (hk+i) for i=1, ..., r.
(5) xk+i=>k+ij=1(aj&hj){0 for i=1, ..., r, and
(6) there are at most r&i characters / # G such that /(hj){aj holds
for each j=1, 2, ..., k+i.
In particular, taking i=r in (5) and (6) we have that xk+r=
>k+ri=1 (ai&hi){0 and /(xk+r)=0 holds for all / # G , a contradiction. This
completes the proof.
Remark 3.1. The proof of Lemma 3.2 above is based on the idea
contained in [1, 6].
Proof of Theorem 1.3. Since |S|1+m(1+log nlog m), by Lemma 3.2
we have 1 # (S). Again by Lemma 3.2 one can choose a subsequence
T=(h1 , ..., ht) and a1 , ..., at # F q* such that tm(1+log nlog m)&1,
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x =def >ti=1 (ai&hi){0 and all terms of S&T are in Lx . But by the
hypothesis of the theorem we have that S&T generates G, so by Lemma
3.1(i) we have Lx=G, and the theorem follows from Lemma 3.1(ii). This
completes the proof.
Corollary 3.1. Let G be a finite abelian group of order n and of
exponent m. Then, for any tm(1+log nlog m) generating systems A1 , ..., At
of G their union (with repetitions)  ti=1 Ai forms an additive basis of G.
Proof. Put S= ti=1 Ai (with repetitions); then any subsequences T
of S of at least |S|&m(1+log nlog m)+1 terms of S contain some Ai .
Therefore T generates G and so the corollary follows from Theorem 1.3.
4. SIMPLE PROOFS OF THEOREM A AND THEOREM B
Lemma 4.1 [13]. r(Z2p)=2p&1.
Lemma 4.2 (The CauchyDavenport theorem). Let p be a prime, and let
A, B be two subsets of Zp . Then |AB| min( |A|+|B|&1, p) (e.g., see [2]).
Lemma 4.3. Let S be a sequence of p&1 non-1 elements in Zp . Then,
[1] _  (S)=Zp .
Proof. It follows from Lemma 4.2.
For any sequence S=(a1 , ..., ak) of elements in an abelian group, by >S
we denote the product >ki=1 ai . For any subgroup H of G, by H & S we
denote the subsequence of S consisting of all terms of S which are in H.
A Simple Proof of Theorem A. We first show that
r(Zkp) p
k&1+ p&2(k3). (2)
We proceed by induction on k. For k=3, if there exists a subgroup
H/G such that |H & S|2p&1, then we must have H$Z2p , it follows
from Lemma 4.1 that  (H & S)=H. But by the hypothesis of the theorem
we have, |S&H & S|p2+ p&2&( p2&1)= p&1. Now applying Lemma
4.3 to GH we get for every g # Z2p that there exists a subsequence T of
S&H & S such that g(>T )&1 # H. Therefore there exists a nonempty
subsequence W of H & S such that g(>T )&1=>W; hence, g=(>T )_
(>W) #  (S). This implies  (S)=G. Otherwise, any subsequence of S of
at least |S|&(2p&2) terms of S generates G; then  (S)=G follows from
Theorem 1.2. This proves (2) for k=3.
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Taking k4 and assume (2) is true for k&1. Similar to the proof of
k=3 one can get  (S)=G. This proves (2).
To prove the lower bound, consider the following example:
G=(x1)  } } } (xk) , S1 is the set of non-1 elements in N=
(x1)  } } } (xk&1) ,
S=S1 _ [xk , xkx1 , xkx21 , ..., xk x
p&3
1 ].
Clearly |S|= pk&1+ p&3.
It can be verified that the coset x p&1k N of N is disjoint with  (S),
therefore, r(G)>pk&1+ p&3; hence, r(G)= pk&1+ p&2 for k3.
Lemma 4.4 [7]. Any sequence of 2p&1 elements in Zp contains a
p-subsequence T such that >T=1.
Lemma 4.5 [2]. Let S be a sequence of 3p elements in Z2p , and suppose
that >S=1. Then, there exists a p-subsequence T of S such that >T=1.
A Simple Proof of Theorem B. It is easy to check that, if Theorem B is
true for n=n1 and n=n2 then it is also true for n=n1n2 . So it is sufficient
to prove that Theorem B is true for n= p is a prime. We shall complete the
proof by showing the following
Proposition 4.1. Any sequence a1 , ..., a5p&1 of 5p&1 elements in Z2p
contains a p-subsequence T such that >T=1.
Proof. Put S=(a1 , ..., a5p&1). The nation HZ2p means H is a subgroup
of Z2p . For any sequence T of elements in Z
2




[ |H & T |].
If for some HZ2p with |H|= p and some x # Z
2
p , x+H contains at least
2p&1 terms of S, then the proposition follows from Lemma 4.4. So we
may assume that, for all HZ2p with |H|= p and every x # Z
2
p ,
x+H contains at most 2p&2 terms of S. (3)
Consider all 2p&1-term sequences T of the form
ai 1 a
&1
j 1 , ai2 a
&1
j2 , ..., ai2p&1a
&1
j2p&1
with all of i1 , j1 , i2 , j2 , ..., i2p&1 , j2p&1 distinct and all aik a
&1
j k {1.
By 0 we denote the set consisting of all such 2p&1-term sequences T.
Let us renumber the elements a1 , ..., a4p&2 so that if i< j and ai=aj then
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ai=ai+1= } } } =aj . By (3) we have ai a&1i+2p&1 {1 for i=1, ..., 2p&1;




Without loss of generality we may assume that W=(a1a&12p , a2a
&1
2p+1 , ...,
a2p&1a&14p&2). We assert that
*(W) p&1.
Assume to the contrary that *(W) p. Let H1 be a p-element subgroup of
Z2p such that |H1 & T |=*(T), and let H2 be a p-element subgroup of Z
2
p
such that |H2 & W|=maxHZ 2p , |H|= p, H{H 1[ |H & W|]. Then, we have
|H1 & W| p, |H2 & W| p&1,
and for every p-element subgroup H{H1 , H2 we have
|H & W| p&2.
From (3) we derive that there is an i, 1i4p&3 such that a4p a&1i #
H1 & H2 . Deleting the term aj a&1j+2p&1 with i # [ j, j+2p&1] from W and
adding a4pa&1i to the result sequence we get a sequence W1 # 0. Clearly,
*(W1)*(W), so by the minimality of W we have *(W1)=*(W). Then by
the making of W1 we have, for every p-element subgroup H{H1 of Z2p ,
|H & W1 | p&2. Therefore without loss of generality we may assume that,
for every p-element subgroup H{H1 ,
|H & W | p&2.
Furthermore we may assume that ai a&1i+2p&1 # H1 holds for i=1, ..., p. By
(3) we have that there exist some 1i p and some 4p&1 j5p&3
such that aia&1j  H1 . Without loss of generality we assume that i=1. Put




2p+2 , ..., a2p&1a
&1
4p&2 ); then W2 # 0, and clearly
*(W2)<*(W), a contradiction. This proves the assertion. Now apply




ei with ei # [0, 1]. This gives that





Therefore there is a 3p-term subsequence of S the product of whose terms
is 1. Now the proposition follows from Lemma 4.5. This proves the
proposition and completes the proof of Theorem B.
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Remark 4.1. Alon and Dubiner [2] proved that Proposition 4.1 holds
for 6p&7 and they can prove it is also true for 5p&2 when p is sufficient
large. A sketch of a proof of the last conclusion was given in [2].
5. CONCLUDING REMARKS
Let G be a finite abelian group. We define f (G) to be the minimal integer
t such that, for any t generating systems A1 , ..., At of G their union (with
repetitions)  ti=1Ai forms an additive basis of G. As mentioned above, it
was conjectured that f (Znp) is bounded above by a function of p alone [10].
Here we suggest the following general conjecture.
Conjecture 5.1. f (G) is bounded above by a function of e(G) alone,
where e(G) denote the exponent of G.
In [4] it is conjectured that f (Znp) p, here we suggest the following.
Conjecture 5.2. f (G)e(G).
Let G be a finite abelian group. The Davenport constant D(G) of G is
the minimal integer d such that, for any sequence S of d elements in G,
1 #  (S) holds. If G=Zp e1  } } } Zpen , then D(G)=1+ni=1( p
ei&1)
[5, 12]. So Theorem 1.2 suggests the following.
Conjecture 5.3. Let S=(a1 , ..., al) be a sequence of elements in a finite
abelian group G. Suppose that each subsequence of l&D(G)+1 terms of
S generates G. Then, S is an additive basis of G.
By s(n, d ) we denote the minimal integer s such that any sequence of s
elements in Zdn contains an n-subsequence the product of whose terms is 1.
Alon and Dubiner [3] proved that s(n, d )c(d )n. For d=2, Kemnitz
conjectured that [11] s(n, 2)=4n&3 and this was affirmed for certain
cases [8, 9, 11], but it is still open in general.
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